and is called uniformly monotone [8, 9; \S 30], if 1) This terminology is due to H. Nakano [9] . We use mainly notation and terminology of [9] here.
for any $\gamma,$ $\epsilon>0$ there exists $\delta>0$ such' that $x\cap y=0,$ $||x||\leqq\gamma$ and $||y||\geqq\epsilon$ imply $||x+y||\geqq||x||+\delta$ . When a norm $||$ . I is of $L_{p^{-}}type^{5)}(1\leqq p<+\infty)$ , it is both continuous and monotone (uniformly monotone) , and when $||$ . I is of $L_{\infty}$ -type, it is neither continuous nor monotone. This fact suggests that there may be some correlation between the continuity and the monotonousness of norms on $R$ , in spite of the existence $of\backslash $ a continuous norm which is not monotone.
. In $\{\}$ 2 we shall study this relation and show consequently that if a norm $||$ . I on $R$ is continuous there exists a monotone norm $||\cdot||_{1}$ which is equivalent to $||\cdot||$ (Theorem 8).
In \S 3 we shall show a sufficient condition for the continuity of the associated norm of $||$ . I and a necessary and sufficient condition under which the second conjugate norm $||\overline{\overline{x}}||(\overline{\overline{x}}\in R^{=))})$
is, continuous on
In the earlier paper [10] the author defined a property of a norm called finitely monotone6) which is stronger than the continuity. In \S 4
we shall prove that a norm $||$ . I on $R$ is finitely monotone, if and only if there exists an $equIv.alent$ norm $||\cdot||_{1}$ which is at the same time a lower semi-p-norm for some $ 1\leqq p<+\infty$ (I. a $x\cap y=0$ implies $||x+y||_{1}^{p}$ $\geqq||x||_{1}^{p}+||y||_{1}^{p})$ (Theorem 6).
Since a lower semi-p-norm is uniformly Proof. We define $||\cdot||_{1}$ by the formula: A norm $||$ . I \'on $R$ is called a lower semi-p-norm (uPper semi-p-norm) if for any $x\cap y=0$ . $x,$ $y\in R$ , $||x+y||^{p}\geqq||x||p+||y||^{p}$ (resp. $||x+y||^{p}\leqq||x||^{p}$ $+||y||^{p})$ holds, where $p$ is a real number with $ 1\leqq p\leqq+\infty$ [1] .
Being well known [8] , the lower semi-p-norm and the upper semiq-norm are of conjugate $type^{21)}$ , where $1/p+1/q=1$ and the former is uniformly monotone in the case $ p<+\infty$ , and hence finitely monotone. At first we shall prove an auxiliary lemma: Lemma 3. Let $||\cdot||$ be a finitely monotone norm and $p$ be a real number such that $2^{p}=N(1/2)+1^{22)}$ holds. Suppose also that $\epsilon/2\leqq||x_{\nu}||<\epsilon$ $(\nu=1,2, \cdots, m)$ clnd $x_{\nu}\cap x_{\mu}=0$ for
is a natural number such that $0\leqq m-l2^{p}<2^{p}$ holds, there exist mutually orthogonal elements $y_{\mu}$ $(\mu=1,2, \cdots, l)$ such that $\epsilon\leqq||y_{\mu}||(\mu=1,2, \cdots, l)$ and $\sum_{\mu=1}^{l}y_{\mu}\leqq\sum_{\nu=1}^{n}x_{\nu}$ . Proof. Since a lower semi-p-norm is finitely monotone and the finite monotonousness is topological invariant, it suffices to prove the necessity of the theorem.
Proof. If
Let $||\cdot||$ be finitely monotone and $P$ be a real number satisfying $2^{p}$ $=N\langle 1/2$ ) $+1$ . We put now 21) That is, if $||\cdot||$ is a lower semi-p-norm (upper semi-q-norm), the conjugate norm is an upper semi-q-norm (resp. lower semi-p-norm).
22) $N(1/2)$ is a natural number which appears in (4.1) Since a uniformly monotone norm $||$ . I is finitely monotone [10] , it follows from above Corollary 3. If a norm $||$ . I on $R$ is uniformly monotone, we can define a lower semi-p-norm $||\cdot||_{1}$ which is equivalent to $||\cdot||$ for some $p$ with $ 1\leqq p<+\infty$ .
A norm $||\cdot||$ on $R$ is called finitely flat [10] , if (4.2) for any $\gamma>0$ there exists $\epsilon>0$ such that $||x_{i}||\leqq\epsilon,$ $x_{i}\cap x_{j}=0,$ $i\neq j$ $(i, j=1,2, \cdots, n)$ and $ n\leqq\gamma/\epsilon$ imply $||\sum_{i=1}^{n}x_{i}||\leqq 1$ . The proof is obtained by showing that (4.3) and (4.4) are of dual type in the quite same manner as Theorems 1.4 and 1.5 in [10] .
